The Lax operator of the classical Gaudin type models is a 1-form on the classical level. In virtue of the quantization scheme proposed in [Talalaev04] (hep-th/0404153) it is natural to treat the quantum Lax operator as a connection; this connection is a particular case of the Knizhnik-Zamolodchikov connection [ChervovTalalaev06] (hep-th/0604128). In this paper we propose the general conjecture: by the gauge transformation this connection can be reduced to the "second normal form" or the "Drinfeld-Sokolov" form. Moreover the differential operator naturally corresponding to this form is given precisely by the quantum characteristic polynomial [Talalaev04] of the Lax operator (this operator is called the G-oper or Baxter equation). We prove the conjecture in the GL(2) case. This observation allows to relate solutions of the KZ and Baxter equations in an obvious way, and to prove that the immanent KZ-equations has only meromorphic solutions. We also discuss the relation with the Harish-Chandra homomorphism.
1 Introduction and main results
Simple fact from linear algebra
Let L be a generic matrix over a field, then it can be conjugated to the "second normal form", i.e. there exists a matrix C, such that 
Without loss of generality, i.e. on the complete space of matrices, one has
The quantization scheme
Here we recall the quantization scheme for the class of integrable systems with the rational Lax operator on the example of the Gaudin model.
Lax operator
The Lax operator is a rational function with distinct poles:
⊗N is defined by the formula:
where E kl form the standard basis in Mat n and e
kl form a basis in the i-th copy of gl n .
Quantum characteristic polynomial The quantum commutative family is constructed with the help of the quantum characteristic polynomial
and quantize the classical Gaudin hamiltonians.
In these formulas L i (z) is an element of Mat n ⊗n ⊗ U(gl n ) ⊗N obtained via the inclusion Mat n ֒→ Mat n ⊗n as the i-th component. The element A n is the normalized antisymmetrization operator in C n⊗n .
Remark 1 By the same formula in [ChervovTalalaev06] it was constructed a commutative subalgebra in
and the center of the universal enveloping affine algebra on the critical level .
KZ-equation, G-opers and Baxter equation
The brief relation scheme is the following:
• The G-oper is the quantum characteristic polynomial restricted to the common eigen-vector for the Hamiltonians.
• The universal solution for the quantum characteristic equation is the Baxter's Q operator.
• The equation (L(z) − ∂ z )Ψ(z) = 0 is exactly the KZ equation [KnizhnikZamolodchikov84] . In [ChervovTalalaev04] it was shown that having a solution for the KZ equation (L(z) − ∂ z )Ψ(z) = 0 one obtains solutions for the universal G-oper just taking the vector components of the solution Ψ(z).
For more details we refer to our previous work [ChervovTalalaev06] .
Main results
Conjugation of the quantum Lax operator to the Drinfeld-Sokolov form Let L(z) ∈ Mat n ⊗ U(gl n ) ⊗N ⊗ F un(z) be the quantum Lax operator of the Gaudin model, here F un(z) is an appropriate space of functions on the formal parameter z.
Conjecture 1 There exists an element
where
Let us denote the connection on the right hand side of the Drinfeld-Sokolov type.
We prove this conjecture in the n = 2 case effectively, namely we prove that the naive quantization of the classical matrix conjugating to the second normal form produce the quantum Drinfeld-Sokolov reduction: we prove that the formula (2) is valid also on the quantum level.
As a corollary we obtain that one can produce solutions of the universal G-oper from solutions for the KZ equation by a linear transformation and this method is in agreement with the one considered in [ChervovTalalaev04] . 2 Main section
Conjugation
Let the quantum Lax operator for the Gaudin gl 2 model be
Let us denote a(z), . . . as a, . . . for convenience, a ′ is the z-derivative. One has the following relations
Proof Let us also introduce the notations
By a straightforward calculation one obtains
The only thing to emphasize is that the corrections on the right hand side are exactly those that appear in the quantum characteristic polynomial
here
One has the following set of similar formulas:
Remark 2 It is clear that the matrix C(z) conjugating the Lax matrix to Drinfeld-Sokolov form can be recursively found in the form
where v is a generic vector and the order is subject to the standard filtration.
Comparison with the general KZ↔G-oper correspondence
In [ChervovTalalaev04] it was observed that there is a simple connection between solutions of the KZ equation 
Remark 3 The role of the equation (16) is very important in the problem of solving the quantum model and in the Langlands correspondence, namely by restricting this equation to the common eigen-vector for the Gaudin hamiltonians one obtains the so-called G-oper; the condition that this differential equation does not have monodromy is equivalent to the Bethe ansatz equations for the eigenvalues of quantum hamiltonians.
The formula (5) 
Corollary 1 The KZ equation
has only rational solutions (here π is a finite-dimensional representation of U(gl n ) ⊗N ).
Proof It was conjectured in [ChervovTalalaev04] (on the basis of [Frenkel95] and the ideas of Baxter, Gaudin, Sklyanin) that the Baxter-type equation π("det"(∂ z − L(z)))Ψ(z) = 0 has only rational solutions. The conjecture was proved in [MukhinTarasovVarchenko05] .
On the other hand we know from the result of [ChervovTalalaev04] discussed above that any component S(z) i of the vector S(z) solves Baxter equation, hence S(z) is the vector-valued rational function as well.
3 Factorization of QCP
Miura form
Corollary 2 Let the QCP be represented in a factorized form
then there exists C d (z) belonging to some algebraic extension of the quantum algebra such that:
Let us denote the connection on the right hand side by
We provide a proof in the appendix.
Remark 4 Similar factorizations of Baxter-type equations often occur in mathematical physics literature, for the general Gaudin and XXX models the explicit factorization of scalar G-opers related to our constructions were given recently by E. Frenkel, E. Mukhin, V.Tarasov, and A. Varchenko.

Remark 5 In fact the differential operator
. . , Ψ n be a basis of solutions of the equation DΨ = 0, let us pick out χ 1 , . . . , χ n recursively such that
Hence different factorizations are parametrized by the ndimensional flag variety.
Remark 6 The matrix C(z) is invertible only in the field of fractions of
U(gl n ) ⊗N , this means that π(∂ z − L(z)) and π(∂ z − L DS (z)) are not fully gauge equivalent, where π is a representation of U(gl n ) ⊗N . One can produce a solution of π("det"(∂ z − L(z))) from any solution of π(∂ z − L(z)), but
this correspondence is not necessarily a bijection.
Remark 7 All the results of this paper can be generalized to semisimple Lie algebras and quantum groups following the ideas discussed in [ChervovTalalaev06] . For example for Lax operators related to gl n [t] the same conjectures should hold (the Lax operator can be considered in any representation, not only fundamental), for Yangian: e ∂z − T (z) can be conjugated to DS-form with the coefficients given by "det"(e ∂z − T (z)), for U q (ĝ) the same is valid for q ∂z − L + (q z ).
Harish-Chandra map
In fact the factorization formula 18 for a particular case of the QCP provides an explicit realization of the Harish-Chandra homomorphism. Let us consider the representation π, V λ of gl n with the highest weight λ = (λ 1 , ..., λ n ), this means that there exists a vector |0 > such that π(e ii )|0 >= λ i |0 > and π(e ij )|0 >= 0, for i > j.
Conjecture 2 Consider the
Remark 8 Actually one can prove that the coefficients of the 1-spin QCP belong to the center of the universal enveloping algebra U(gl n ) so it is true that:
and the same for π("det"(∂ z + L(z))). Let us remark how the shifted action of the Weyl group, well-known in HarishChandra homomorphism theory, can be represented by different factorizations of QCP. The images of Casimir elements under the Harish-Chandra homomorphism are symmetric functions with respect to the action of the Weyl group. The action is given not by the naive formula (λ i ) → λ σ(i) , it is shifted. In the gl 2 -case the Weyl group is S 2 =< 1, p > and the action is given by p(λ 1 , λ 2 ) = (λ 2 − 1, λ 1 + 1).
Observation The same action of the permutation group S 2 arises considering different factorizations of the QCP:
4 Appendix Proposition 2 Consider the differential operator:
then the Drinfeld-Sokolov connection
is gauge equivalent to the Miura connection
Moreover if the vector Ψ(z) satisfies the equation 
one transforms the connection of the Miura type ∂ z − L M to some connection of the DS type. The only thing to prove is that this connection is exactly ∂ z − L DS . To do this one has to realize that the condition (∂ z − L DS )S = 0 is equivalent to the condition "det"(∂ z −L)S 1 = 0. Let us show that S 1 solves the equation "det"(∂ z −L)S 1 = 0. Indeed, S 2 = (∂ z − χ 1 )S 1 S 3 = (∂ z − χ 2 )(∂ z − χ 1 )S 1 ... 0 = (∂ z − χ n ) . . . (∂ z − χ 1 )S 1
